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Three classes of pendent vertex- and pendant edge-weighted graphs of linear chains (class I), stars (class II), and
cycles (class III) have been presented. These graphs (particularly class I and III) represent heteroconjugated �-systems.
Sometimes such graphs appear as factored subgraphs of some complicated graphs. The eigenspectra of these graphs have
been found out in analytical forms. These eigenspectra have been utilized i) to calculate the band (i.e., HOMO–LUMO)
gaps of such graphs, ii) to find out three classes of inversely proportional graphs (with inversely proportional pairs of
eigenvalues), and iii) to express eigenspectra of some complicated graphs in analytical forms along with some subspec-
tral relationships. In the limit of n (number of vertices) to infinity, the band gap of the graph of class I has been shown to
be the same with that calculated by considering its hypothetical ‘‘cyclic dimer.’’ Reciprocal graphs have also been con-
sidered in this context. These graphs are not all hypothetical. A few of them have also been synthesized.

Spectra of graphs, which are the zeros of their correspond-
ing characteristic polynomials, have many chemical applica-
tions; for instance, they have been used in chemical kinetics,1

quantum chemistry, dynamics of oscillatory reactions, and in
determining the stabilities of reaction networks2 and estimat-
ing the stabilities of conjugated systems3 and the electronic
structure of organic polymers.4

Using a plane of symmetry, McClelland5 developed graph
fragmentation technique and described corresponding rules.
D’Amato6 showed the factorization of a graph with two- or
three-fold rotational symmetry. The determination of the iso-
spectrality and/or subspectrality of graphs were reviewed in
detail by D’Amato and colleagues.7 Davidson8 presented a
general graph factorization method with the use of rotational
symmetry that was independently elaborated later by Shen.9

Dias10,11 has presented both symmetry plane and rotational
factorization techniques with more complicated as well as in-
teresting molecular graphs. Using the symmetry plane factori-
zation Dias10,12 calculated all the eigenvalues of C60 fullerene.
Hosoya and Tsukano13 developed an efficient technique for
factorization of higher symmetry graphs by using topological
symmetry rather than the geometrical symmetry of the molec-
ular network, obtained the eigenvalues of C60 more efficiently
than Dias10,12 and recently applied the technique to more com-
plicated hexabenzocoronene torus.14 McClelland5 showed the
reduction procedure of graph having arbitrary edge weight
but no vertex weight by alternating starring procedure analo-
gous to that of Coulson and Rushbrooke.15 Mukherjee and
Das16 developed a graph squaring technique for reduction of
graphs of linear chains in which edge weights are arbitrary
and vertex weights are equal in magnitude but opposite in sign.
Recently, two procedures17 have been developed to obtain an-
alytical expressions of eigenspectra; one is for linear chains
and cycles with alternant vertex weights and the same edge
weight and the other is for linear chains having one or two ter-

minal edge(s) of weight
ffiffiffi
2

p
times that of the remaining edges.

In general vertex- and/or edge-weighted graphs are the graph-
ical representations of heteroconjugated systems. Sometimes
they may represent factored subgraphs. Extensive work on
alternant conjugated systems having few heteroatoms was
done by Gutman.18,19

The electronic states of an infinite conjugated network have
been found to be well predicted by an important theoretical
quantity called the ‘‘density of states.’’ Hosoya and co-work-
ers20 showed the use of the eigenvalues of the ‘‘cyclic dimer
(CD),’’ that represent the singular points to the ‘‘density of
states,’’ for governing the conducting behavior of the periodic
polymer. The HMO model for �-electronic systems has been
considered widely as the primary step to investigate novel con-
ducting behavior of organic polymers as well as Peierl’s distor-
tions and solitonic excitations21–24 that might occur under
some circumstances.

In this communication, three classes of pendant vertex- and
pendant edge-weighted graphs have been presented. Their ei-
genspectral analysis has been made and subsequently been
used to calculate band gaps, to search for inversely proportion-
al graphs, and to find out eigenspectra of some complicated
graphs in analytical forms. Reciprocal graphs are one kind of
inversely proportional graphs where the proportionality con-
stant is unity. The discussion in detail is given in the following
sections.

Results and Discussion

Three Classes of Pendant Vertex- and Pendant Edge-
Weighted Graphs. Class I: G1: A graph of this class is
shown in Figure 1. It is a linear chain of n vertices each of
which is joined to a pendant vertex by a pendant edge of
weight k. Each pendant vertex has a self-loop of weight h.
The unit R1 shown in Figure 1 may be considered as the recur-
ring or repeating unit of the graph G1. The irreducible graph
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G1ðR1Þ of G1 can be constructed by attaching a self-loop of
weight 2 cos½�j=ðnþ 1Þ� to the vertex that repeats in the main
chain of G1. In some recent works,17 this procedure has been
discussed in details. The adjacency matrix of G1ðR1Þ can be
obtained by introducing i-th vertex weight as (i, i) element,
i–j edge weight as (i, j) element of the said matrix and so
on. Now it is usual to write down the secular determinant cor-
responding to this adjacency matrix for obtaining eigenspectra
of G1ðR1Þ or G1. The determinantal equation obtained for the
irreducible graph, G1ðR1Þ, is

� � h �k

�k � � 2 cos½�j=ðnþ 1Þ�

����
���� ¼ 0 ð1Þ

Equation 1 results in a quadratic equation

�2 � ½hþ 2 cos½�j=ðnþ 1Þ���
þ ½2h cos½�j=ðnþ 1Þ� � k2� ¼ 0

ð2Þ

which ultimately gives the analytical expression of eigenspec-
tra of G1 as

�ðG1Þ ¼
�
ðhþ 2 cos½�j=ðnþ 1Þ�Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2 cos½�j=ðnþ 1Þ�Þ2 þ 4k2

q ��
2;

j ¼ 1; 2; 3; . . . ; n

ð3Þ

From eq 3 it is easy to find out that the energy eigenvalues
corresponding to HOMO (highest occupied molecular orbital)
and LUMO (lowest unoccupied molecular orbital) for all
values of h and k (k 6¼ 0 which, of course, is always the mean-
ingful case)25 as

�ðG1ÞHOMO ¼
�
ðhþ 2 cos½n�=ðnþ 1Þ�Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2 cos½n�=ðnþ 1Þ�Þ2 þ 4k2

q ��
2

ð4Þ

and

�ðG1ÞLUMO ¼
�
ðhþ 2 cos½�=ðnþ 1Þ�Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2 cos½�=ðnþ 1Þ�Þ2 þ 4k2

q ��
2

ð5Þ

Thus the band gap for G1 will be

��ðG1Þ ¼ �2 cos½�=ðnþ 1Þ�

þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðhþ 2 cos½�=ðnþ 1Þ�Þ2 þ 4k2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2 cos½�=ðnþ 1Þ�Þ2 þ 4k2

q ��
2 ð6Þ

As n ! 1, cos½�=ðnþ 1Þ� ! 1, thus in the case of infinite
polymer (G1) the band gap (�G1) between the valence and
the conduction band will be

�ðG1Þ ¼ �2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2Þ2 þ 4k2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2Þ2 þ 4k2

q� ��
2 ð7Þ

This expression of band gap (eq 7) can easily be shown by
considering the hypothetical ‘‘cyclic dimer’’ with the same re-
curring unit20 as that of the infinite polymer (G1). The ‘‘cyclic
dimer’’ of G1 and its factorization are shown in Figure 2. The
eigenvalues of the ‘‘cyclic dimer’’ can be obtained by solving
the quadratic equations resulting from the determinantal
equation corresponding to the mirror fragments5 of the CD.
Thus, the band gap calculated from the eigenvalues of
the CD has been found to be �2þ ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2Þ2 þ 4k2

p
þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðh� 2Þ2 þ 4k2
p

�=2 which is exactly equal to that given by
eq 7. It is revealed from eq 7 that the band gap of the polymer
of class I will be non-zero for all values of h and k (except
h ¼ 0 and k ¼ 0) and the polymers corresponding to the
graphs of class I should be non conducting polymers.

Class II: G2: A graph (G2) of this class represents a graph
of a star in which each pendant vertex with self-loop of weight
h is connected to one central and (n� 1) peripheral vertices by
edges of equal edge weight k as shown in Figure 3. A (n� 1)-
fold rotational symmetry axis may be imagined which passes
through the pendant edge connecting the central vertex of
the graph. This graph can subsequently be factorized by using
rotational symmetry6 into one 4-vertex (G21) and (n� 2) num-
ber of 2-vertex (G22) subgraphs. The 4-vertex subgraph can
further be factorized using symmetry plane factorization5 into
two 2-vertex graphs. The eigenspectra of these factored two-
vertex subgraphs can easily be calculated from their determi-
nantal equations followed by solving the quadratic equations.
The entire scheme is shown in Figure 3. The eigenspectra of
the subgraphs are

Figure 1. Graph of G1 and a scheme for generation of its irreducible graph.
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Figure 2. Cyclic dimer (CD) of G1 and its factorization.
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�ðG21Þ ¼ hþ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh�

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2;

h�
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2 ð8Þ

�ðG22Þ ¼ h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 4k2

ph i.
2 ð9Þ

Thus, the expression of eigenspectra of G2 will be

�ðG2Þ ¼ hþ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh�

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2;

h�
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2

and h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 4k2

ph i.
2; h�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 4k2

ph i.
2;

h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ 4k2

ph i.
2 . . . up to (n� 2)-th terms ð10Þ

The energy eigenvalues corresponding to the HOMO and
LUMO will be

�ðG2ÞHOMO ¼ h�
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2

ð11Þ
and

�ðG2ÞLUMO ¼ hþ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh�

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q� ��
2

ð12Þ
Thus, corresponding band gap for the graph G2 will be

��ðG2Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh�

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Þ2 þ 4k2

q ��
2

ð13Þ

From eq 13 it is clear that��ðG2Þ ! 1 as n ! 1. Thus, the
molecular species corresponding to this graph (if it exists) will
have a large band gap.

Class III: G3: A graph (G3) in this class is a cycle of n
vertices to each of which a pendant vertex is attached with a
pendant edge-weight of k. The weight of each pendant vertex
is represented by a self-loop of weight h. The irreducible graph
(G3ðR1Þ) of G3 can be constructed17 by considering a pendant
edge with two vertices as repeating or recurring unit (R1) as
shown in Figure 4. The eigenvalue expression for this graph
can be obtained by solving the quadratic equation generated
from the determinantal equation of the said irreducible graph
as follows.

� � h �k

�k � � 2 cos½2�j=n�

����
���� ¼ 0 ð14Þ

Equation 14 results in the quadratic eq 15

�2 � ½hþ 2 cos½2�j=n��� þ ½2h cos½2�j=n� � k2� ¼ 0

ð15Þ
whose solutions constitute the eigenspectra of G3

�ðG3Þ ¼
�
hþ 2 cos½2�j=n�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2 cos½2�j=n�Þ2 þ 4k2

q ��
2;

j ¼ 0; 1; 2; . . . ; ðn� 1Þ

ð16Þ

For all values of h and k

d�ðG3Þ
d� j

¼
d��

d� j

¼ �
2�

n
sin

2�j

n
1�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2k=½h� 2 cosð2�j=nÞ�Þ2

p
" #

¼ 0, �, �, �, ... up to [ðn=2Þ � 1]-th terms,

0, +, +, +, ... up to [ðn=2Þ � 1]-th terms for even n

¼ 0, �, �, �, ... up to [ðn� 1Þ=2]-th terms,

+, +, +, ... up to [ðn� 1Þ=2]-th terms for odd n ð17Þ

Equation 17 indicates the order that the energy levels follow

Figure 3. Graph of G2 and a scheme for generation of its irreducible graph.
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for even n:

�þ
0 > �þ

1 ; �
þ
n�1 > �þ

2 ; �
þ
n�2 > . . . > �þ

n=2 and

��
0 > ��

1 ; �
�
n�1 > ��

2 ; �
�
n�2 > . . . > ��

n=2

and for odd n:

�þ
0 > �þ

1 ; �
þ
n�1 > �þ

2 ; �
þ
n�2 > . . . > �þ

ðn�1Þ=2 and

��
0 > ��

1 ; �
�
n�1 > ��

2 ; �
�
n�2 > . . . > ��

ðn�1Þ=2
ð18Þ

The proof of �þ
n=2 > ��

0 for even n and �þ
ðn�1Þ=2 > ��

0 for
odd n is as follows: The difference (D) of energy between
�þ

n=2 and ��
0 for even n is a function of h and k as

D ¼ �þ
n=2 � ��

0

¼
1

2
�4þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2Þ2 þ 4k2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2Þ2 þ 4k2

q� �
:

ð19Þ

For positive D the above statement follows: The variation of D
with respect to k for all values of h can be obtained as

dD

dk
¼ 2k

1

fðhþ 2Þ þ 4k2g1=2
þ

1

fðh� 2Þ þ 4k2g1=2

� �
ð20Þ

The right hand side of eq 20 will be positive for k > 0, nega-
tive for k < 0 and zero for k ¼ 0 which indicates that D should
be positive. Similarly �þ

ðn�1Þ=2 > ��
0 follows for odd n. Thus

the band gap depends on either n is even or odd. For even n:

��ðG3Þ ¼ �4þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2Þ2 þ 4k2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2Þ2 þ 4k2

q� ��
2

ð21aÞ
and for odd n:

��ðG3Þ ¼
�
�2ð1þ cosð�=nÞÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2 cosð�=nÞÞ2 þ 4k2

q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2Þ2 þ 4k2

q ��
2 ð21bÞ

From eq 21 it has been found that the band gap does not de-
pend on n whereas for odd n this gap depends on n. When
n ! 1, the band gap for both the cases of odd and even n

polymers of this class will be the same and is expressed as

�ðG3Þ ¼ �2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 2Þ2 þ 4k2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh� 2Þ2 þ 4k2

q� ��
2

ð22Þ

It is to note here that the eq 22 is exactly equal to that for the
linear polymer expressed by eq 7 as was expected too.

For h ¼ 0 and k 6¼ 0 two important classes of graphs may
arise that are discussed in the ongoing sections.

Inversely Proportional Graphs (for h ¼ 0 and k 6¼ 0).
For h ¼ 0, the graphs G1, G2, and G3 are converted into the
graphs of IGL

n , IG
K
n , and IG

C
n respectively as shown in Figure 5.

The expressions of eigenspectra and the band gaps for these
graphs can be derived easily and are discussed below class-
wise.

Class I: IGL
n: The eigenspectra of this graph can easily be

shown in analytical form with the help of eq 3 as

�ðIGL
nÞ ¼ cos½�j=ðnþ 1Þ� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�j=ðnþ 1Þ� þ k2

p
;

j ¼ 1; 2; 3; . . . ; n
ð23Þ

The graph IGL
n represents a class of graphs, which have inver-

sely proportional pairs of eigenvalues that can be revealed
from the expression of eigenspectra (eq 23) of IGL

n . For any
graph in this class, j-th eigenvalue is � j ¼ cos½�j=ðnþ 1Þ� þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�j=ðnþ 1Þ� þ k2

p
and [ðnþ 1Þ � j]-th eigenvalue can

be written using eq 23 as

� ½ðnþ1Þ�j�

¼ cos½½ðnþ 1Þ � j��=ðnþ 1Þ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½½ðnþ 1Þ � j��=ðnþ 1Þ� þ k2

p

Figure 4. Graph of G3 and a scheme for generation of its irreducible graph.

Figure 5. Graphs of IGL
n , IG

K
n , and IGC

n .
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¼ cos½�� �j=ðnþ 1Þ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�� �j=ðnþ 1Þ� þ k2

p
¼ � cos½�j=ðnþ 1Þ� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�j=ðnþ 1Þ� þ k2

p
ð24Þ

Now � j�� ½ðnþ1Þ�j� ¼ cos2½�j=ðnþ 1Þ� þ k2 � cos2½�j=ðnþ
1Þ� ¼ k2. Therefore, � j�� ½ðnþ1Þ�j� ¼ k2 and hence the inversely
proportionality relationship follows: From eq 6 the band gap
for the molecules represented by this class of graphs can be
expressed as

��ðIGL
nÞ ¼ 2

h
� cos½�=ðnþ 1Þ� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcos2½�=ðnþ 1Þ�Þ þ k2

p i
¼ 2�ðIGL

nÞHOMO ð25Þ

The band gap of infinite polymer of this class will be

�ðIGL
nÞ ¼ 2 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

ph i
ð26Þ

which is not equals to zero for the above case. Thus the mole-
cules represented by the graphs of this class should be non
conductive.

Class II: IGK
n : The eigenspectra of this graph, shown in

Figure 5, is obtained by putting h ¼ 0 directly in eq 10 as
�ðIGK

n Þ ¼ ½�
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� 1þ 4k2

p
�=2,

½�k;�k;�k;�k;�k . . . up to (n� 2)-th terms� ð27Þ

It is easy to follow from eq 27 that all (n� 2) eigenvalues
of magnitude �k are in inversely proportional relationship
with the proportionality constant, k2. Now in the case of other
eigenvalues expressed by eq 27: Let one eigenvalue (�1) be
�1 ¼ ½

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 4k2 � 1

p
�=2 and the other eigenvalue

(�2) be �2 ¼ ½�
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 4k2 � 1

p
�=2. So �1�2 ¼ k2.

Thus, inversely proportional relationship among the eigenval-
ues of IGK

n follows and the graphs are called inversely propor-
tional graphs of class II.

The band gap for the graphs of this class should be ex-
pressed from eq 13

��ðIGK
n Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� 1þ 4k2

p
¼ 2�ðIGK

n ÞHOMO

ð28Þ

where �ðIGK
n ÞHOMO is the energy eigenvalue of the HOMO

of IGK
n . Thus it is found from eq 28 that the band gap for

the molecules represented by this graph in the limit of n !
1 will be very high.

Class III: IGC
n : The eigenvalue expression for this graph,

shown in Figure 5, has been found to be in analytical form
with the help of eq 16

�ðIGC
n Þ ¼ cos½2�j=n� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½2�j=n� þ k2

p
;

j ¼ 0; 1; 2; . . . ; ðn� 1Þ
ð29Þ

The graphs in this class have inversely proportional pairs of
eigenvalues that follow easily from eq 29. Let the j-th eigen-
value of IGC

n be � j ¼ cos½2�j=n� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½2�j=n� þ k2

p
and

(n� j)-th eigenvalue (� ðn�jÞ) can be expressed using eq 29 as

� ðn�jÞ ¼ cos½2�ðn� jÞ=n�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½2�ðn� jÞ=n� þ k2

p
¼ � cos½2�j=n� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½2�j=n� þ k2

p
: ð30Þ

Now � j� ðn�jÞ ¼ k2 and hence the inversely proportionality
relationship follows: The expressions of the band gap for
molecules represented by the graphs of this class can be
written using eq 21. For even n:

��ðIGC
n Þ ¼ 2 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

ph i
¼ 2�ðIGC

n ÞHOMO ð31aÞ

and for odd n:

��ðIGC
n Þ ¼

h
�ð1þ cosð�=nÞÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ð�=nÞ þ k2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

p i
¼ 2�ðIGC

n ÞHOMO

ð31bÞ

Thus for odd n the band gap of a molecule in this class depends
on n, whereas for even n the band gap is independent of n. For
the infinite cyclic polymer the band gap can be obtained with the
limit n ! 1. In the case of both odd and even n the band gaps
for these cyclic polymers are the same and is equal to that for
even n. From eq 31a it is clear that the band gap will not be zero
and the corresponding molecules should be non conductive.

Reciprocal Graphs. In the case of h ¼ 0 and k ¼ 1, the
graphs G1, G2, and G3 represent three classes of reciprocal
graphs e.g., GL

n , G
K
n , and G

C
n respectively as shown in Figure 6.

These graphs have reciprocal pairs of eigenvalues and recently
have been found out.26 The characteristic polynomial (CP) co-
efficients of these graphs have been determined by simple
manipulation of Pascal’s triangle.27 Recently, CP coefficients
of such graphs have been expressed directly in terms of the
number of pendant vertices.28 Topological indices29 of such
graphs e.g., Cardinalities, Wiener, and Hosoya indices have
been studied more recently. Cardinalities of these graphs have
subsequently been used to find out topological bond orders of
the molecules represented by such graphs. It should be men-
tioned at this point that ‘‘comb-like’’ graphs (GL

n) had been an-
alyzed much earlier by Gutman et al.30 in connection with the
study of the effect of branching on molecular properties of
acyclic polyenes. Very recently Dias31 has presented new

L
nG K

nG C
nG

Figure 6. Graphs of GL
n , G

K
n , and GC

n .
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examples of reciprocal graphs while reviewing molecules cor-
responding to reciprocal graphs and discussed some essential
features of cross conjugation with its importance in the design
of conducting and ferromagnetic polymers. Klein and Misra32

have studied minimally Kekulenoid �-networks and reactivity
for acyclics and found that the inverses of the adjacency matrix
of such minimally Kekulenoid graphs can be represented by
the adjacency matrix of the Kekulenoid transform graphs.
They have used two classes of reciprocal graphs in this context
e.g., dendralenes and radialenes.

The eigenspectra of reciprocal graphs (GL
n , G

K
n , and GC

n ) can
easily be expressed using eqs 3, 10, and 16 respectively by
putting h ¼ 0 and k ¼ 1. Similarly the expressions of the band
gaps of these graphs can also be obtained with the use of eqs 6,
13, and 21 respectively. The band gap of the infinite polymers
(GL

n and GC
n ) from eqs 7 and 22 is found to be equal to

0.84842. So the dendralenes and radialenes are expected to
be non-conductive.30 The band gap for the molecules of
infinite n corresponding to the reciprocal graph (GK

n ) can be
obtained from eq 13 and found to be very high.

Eigenspectra of Some Complicated Graphs. The eigen-
spectra of some complicated graphs, such as G4 and G0

4 as
shown in Figure 7, G5 shown in Figure 8, and G6 shown in
Figure 9 can be expressed in analytical forms with the help
of the expression of eigenspectra of inversely proportional
graphs that are obtained by putting h ¼ 0 in the eigenspectra
of graphs shown in Figure 1.

Graph G4 contains M number of n-vertex linear chains.
Each vertex of these linear chains is attached to one of n

vertices lying along the M-fold symmetry axis as shown in
Figure 7. Using the rotational symmetry factorization tech-
nique6 the graph may be factorized into two types of graphs.
One is G41 and other is G42 of (M � 1) number; G41 is a
graph of the type IGL

n and G42 is a simple chain of n vertices.
Graph G0

4 is a linear chain of n vertices each of which is
joined to the number of pendant vertices (M). This graph
can be factorized by considering a rotational symmetry6 axis
of M-fold that passes through the linear chain into G0

41 and
ðM � 1Þn, the number of isolated vertices (G0

42) of zero
eigenvalue each. Schemes for the factorizations of graphs G4

Figure 7. Graphs of G4 and G0
4 along with their factorization schemes.
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and G0
4 are shown in Figure 7 and the respective eigenvalue

expressions are given in Table 1. From the factorization
scheme shown in Figure 7 it is evident that eigenspectra of
the graph G4 contains the eigenspectra of n-polyenes (G42)
(i.e., polyacetylene) and that of G41 (i.e., IGL

n for k ¼
ffiffiffiffiffi
M

p
),

thus the latter graphs are subspectral7 to the former graph.
Similarly the graphs G0

41 (i.e., IGL
n for k ¼

ffiffiffiffiffi
M

p
) and isolated

vertices (G0
42) are subspectral7 to G0

4. Both the graphs (G4

and G0
4) may represent hypothetical molecules whose

central vertices may be carbon atoms (for M � 3) or other
higher valent atoms (for M � 3). The hypothetical infinite
polymer corresponding to G4 may be a conducting polymer

since it contains the eigenspectra of infinite polyacety-
lenes.20,24 The hypothetical molecules corresponding to G0

4

should be metallic, since it contains non-bonding molecular
orbitals (NBMOs).20,24

The graph G5, shown in Figure 8, is a star-like complicated
graph in which n, the number of central vertices act as pendant
vertices of M number of G52 (a graph with one central and
(n� 1) peripheral vertices). A rotational axis of M-fold pass-
ing through the number of central vertices (n) can be consid-
ered to decompose6 G5 into G51 and G52. The eigenvalue of
G51 can be calculated using eq 16 and that of the graph G52

can be obtained by (n� 1)-fold rotational symmetry passing

Figure 8. Graph of G5 along with its factorization scheme.

Figure 9. Graph of G6 along with its factorization scheme.
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through the central vertex of the star. The factorization is
illustrated in Figure 8 and eigenvalue expression is given in
Table 1. From the factorization scheme as well as from the
expressions of eigenspectra of G5 it is revealed that both the
graphs, G51 (i.e., IGK

n for k ¼
ffiffiffiffiffi
M

p
) and G52, are subspectral7

to the original graph, G5.
The expression of eigenspectra of IGC

n can be used to obtain
the expression of eigenspectra of other complicated graphs in
analytical forms. For example, the graph G6 is one such graph,
shown in Figure 9, whose eigenvalue has to be calculated. The
graph G6 has the number of central vertices (n), which act as
pendant vertices of the number of n-polygons (M) as shown
in Figure 9. This graph can be decomposed into graph G61

and (M � 1), the number of n-polygons (G62) with the help
of M-fold rotational symmetry.6 The axis of the rotation is as-
sumed to pass through the central vertices of G6. The scheme
with illustration is shown in Figure 9 and the eigenvalue of

G6 is given in Table 1. On the basis of this scheme as well
the eigenvalue expression the subspectral7 relation between
G6 and the fragmented graphs G61 (i.e., IGC

n for k ¼
ffiffiffiffiffi
M

p
)

and G62 is clear.
Graphs as shown in Figures 10 and 11 respectively have

been obtained by assigning some specific values of M and n

for the graphs G4 and G6. These graphs have vertex-degree
�3 and thus they may represent of conjugated hydrocarbon
molecules or radicals. A few of them are well known. For ex-
amples G4 (M ¼ 2, n ¼ 2) is benzene. G4 (M ¼ 2, n ¼ n) rep-
resents (n� 1)-cyclic conjugated radical (for odd n) or mole-
cules (for even n). G4 (M ¼ 3, n ¼ n) represent bridged cyclic
conjugated molecules or radicals. Similarly the graphs corre-
sponding to G6 are the molecules or radicals of fused ring sys-
tems. The eigenvalues of these systems have been calculated
by putting the values of M and n in the respective analytical
expressions given in Table 1 and are displayed in Table 2.

---

--- ---
---

------

G4(M=2, n=2)

G4(M=2, n=n)

G4(M=2, n=3)

G4(M=2, n=4) G4(M=3, n=n)

G4(M=3, n=2) G4(M=3, n=3) G4(M=3, n=4)

Figure 10. A few hydrocarbons corresponding to the graph G4.

Table 1. Analytical Expressions of Eigenspectra of G4, G
0
4, G5, and G6

Graph Eigenvalue expression

G4 cos½�j=ðnþ 1Þ� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�j=ðnþ 1Þ� þM

p
; j ¼ 1; 2; 3; . . . ; n

and (M � 1) fold of {2 cos½�j=ðnþ 1Þ�; j ¼ 1; 2; 3; . . . ; n}
G0

4 cos½�j=ðnþ 1Þ� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½�j=ðnþ 1Þ� þM

p
; j ¼ 1; 2; 3; . . . ; n

and ðM � 1Þn zeros.
G5 ½�

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 4M � 1

p
�=2; ½�

ffiffiffiffiffi
M

p
;�

ffiffiffiffiffi
M

p
;�

ffiffiffiffiffi
M

p
;�

ffiffiffiffiffi
M

p
;�

ffiffiffiffiffi
M

p
. . . up to

(n� 2)-th terms]; �
ffiffiffi
n

p
; (M � 1)(n� 1) zeros.

G6 cos½2�j=n� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2½2�j=n� þM

p
; j ¼ 0; 1; 2; . . . ; ðn� 1Þ

and (M � 1) fold of {2 cos½2�j=n�; j ¼ 0; 1; 2; . . . ; ðn� 1Þ}
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Total �-electron energy, which is a useful parameter3 to study
physicochemical properties of conjugated systems, has been
calculated for such graphs from their respective eigenvalues
and is shown in Table 2.

Conclusion

The eigenspectra of G1, G2, and G3 have been obtained in
analytical forms (eqs 3, 10, and 16) that are used to find the

G6(M=3, n=3)

G6(M=2, n=3)

G6(M=3, n=5)

G6(M=2, n=5)G6(M=2, n=4)

G6(M=3, n=4) G6(M=3, n=6)

G6(M=2, n=6)

Figure 11. A few hydrocarbons corresponding to the graph G6.

Table 2. Eigenvalues and Total �-Electron Energies of the Graphs G4 (M ¼ 2 and 3 and n ¼ 2, 3, and 4) and G6 (M ¼ 2

and 3 and n ¼ 3, 4, 5, and 6)

Graphs Eigenvalues
�-Electron
energy in
� unit

G4 (M ¼ 2, n ¼ 2) 2.0, 1.0, 1.0, �1:0, �1:0, �2:0 8.0
G4 (M ¼ 2, n ¼ 3) 2.2882, 1.4142, 1.4142, 0.8740, 0.0, �0:8740, �1:4142, �1:4142, 11.9812

�2:2882
G4 (M ¼ 2, n ¼ 4) 2.4383, 1.7566, 1.6180, 1.1386, 0.8202, 0.6180, �0:6180, 16.7794

�0:8202, �1:1386, �1:6180, �1:7566, �2:4383
G4 (M ¼ 3, n ¼ 2) 2.3028, 1.3028, 1.0, 1.0, �1:0, �1:0, �1:3028, �2:3028 11.2112
G4 (M ¼ 3, n ¼ 3) 2.5779, 1.7320, 1.4142, 1.4142, 1.1637, 0.0, 0.0, �1:1637, 16.604

�1:4142, �1:4142, �1:7320, �2:5779
G4 (M ¼ 3, n ¼ 4) 2.7207, 2.0684, 1.6180, 1.6180, 1.4504, 1.1027, 0.6180, 23.6284

0.6180, �0:6180, �0:6180, �1:1027, �1:4504, �1:6180, �1:6180,
�2:0684, �2:7207

G6 (M ¼ 2, n ¼ 3) 2.7320, 2.0, 1.0, 1.0, �0:7320, �1:0, �1:0, �2:0, �2:0 13.464
G6 (M ¼ 2, n ¼ 4) 2.7320, 2.0, 1.4142, 1.4142, 0.7320, 0.0, 0.0, �1:4142, �1:4142, 16.5848

�0:7320, �2:0, �2:7320
G6 (M ¼ 2, n ¼ 5) 2.7320, 2.0, 1.7566, 1.7566, 0.8202, 0.8202, 0.6180, 0.6180, 22.2434

�0:7320, �1:1386, �1:1386, �1:6180, �1:6180, �2:4383, �2:4383
G6 (M ¼ 2, n ¼ 6) 2.7320, 2.0, 2.0, 2.0, 1.0, 1.0, 1.0, 1.0, 0.7320, �0:7320, �1:0, 26.928

�1:0, �1:0, �1:0, �2:0, �2:0, �2:0, �2:7320
G6 (M ¼ 3, n ¼ 3) 3.0, 2.0, 2.0, 1.3028, 1.3028, �1:0, �1:0, �1:0, �1:0, �1:0, 19.2112

�2:3028, �2:3028
G6 (M ¼ 3, n ¼ 4) 3.0, 2.0, 2.0, 1.7320, 1.7320, 1.0, 0.0, 0.0, 0.0, 0.0, �1:0, 22.928

�1:7320, �1:7320, �2:0, �2:0, �3:0
G6 (M ¼ 3, n ¼ 5) 3.0, 2.0684, 2.0684, 2.0, 2.0, 1.1027, 1.1027, 0.6180, 31.6286

0.6180, 0.6180, 0.6180, �1:0, �1:4504, �1:4504, �1:6180, �1:6180,
�1:6180, �1:6180, �2:7207, �2:7207

G6 (M ¼ 3, n ¼ 6) 3.0, 2.3028, 2.3028, 2.0, 2.0, 1.3028, 1.3028, 1.0, 1.0, 1.0, 1.0, 38.4224
1.0, �1:0, �1:0, �1:0, �1:0, �1:0, �1:3028, �1:3028, �2:0, �2:0,
�2:3028, �2:3028, �3:0
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band gaps of the corresponding graphs. These expressions are
utilized to find the eigenspectra of (i) inversely proportional
graphs, (ii) reciprocal graphs, and (iii) other complicated
graphs of higher symmetry. The graphs (G1, G2, and G3 as
well as IGL

n , IG
K
n , and IG

C
n ) discussed here represent heterocon-

jugated systems. Each pendant vertex of these graphs is occu-
pied by heteroatoms (O, S, NR, etc.). The molecules corre-
sponding to the graphs of class I (G1) are heteroanologous
polyvinylidene compounds and those of type III are hetero-
anologous cyclic polyvinylidene compounds. Heteroanologous
polyvinylidene25 compounds were conjectured to be high
conducting materials,33 although the band gaps corresponding
to these molecules are non-zero. The conducting properties
exhibited by these molecules may be due to the solitonic exci-
tations21,24 in the presence of lone pair electrons on the hetero-
atoms (O, S, or NR). Reciprocal graphs are not all hypotheti-
cal; some of them have been synthesized.34,35

Graphs G4, G6 (for M � 3), and G0
4 (for M � 2) represent

conjugated hydrocarbon molecules. The eigenspectra of such
molecules can easily be obtained by putting the values of M
and n in the corresponding equations given in Table 1. The
values of band gaps of these graphs can be calculated from
the knowledge of their respective eigenspectra.

Graphs G4 and G6 may also represent hypothetical (com-
plex) molecules whose central vertices (through which rota-
tional axis passes) are higher valent atoms (for M � 3). Simi-
larly G5 may represent a hypothetical molecule whose central
vertices are either carbon or higher valent atoms (for n > 3).

The author thanks the learned referees for rendering
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assistance from the University Grants Commission, New
Delhi, extended through the DSA project in the Department
of Chemistry of the University of Burdwan is thankfully
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